84™ ACSA ANNUAL MEETING ¢ BUILDING TECHNOLOGY CONFERENCE e 1996 3

Understanding Famous Structures
Through Simple Graphical Analyses
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WACLAW ZALEWSKI

Massachusetts Institute of Technology

The great structures of the modem era—works of such
masters as Eiffel, Maillart, Nervi, Ammann, Arup, and
Calatrava—are often held up as examples that represent a
level of design achievement to which studentsof architecture
should aspire in their own structures. Y et we give students
little hel p in understanding how these workswere conceived
or in knowing how they might go about emul ating them. Our
teaching of structures tends to concentrate narrowly on
calculations of stresses and deflections in beams and col-
umns, seldomventuringintotherealmof curvilinear,longspan
forms that these structures represent, or into the process of
synthesizing structural form. A glanceat any contemporary
engineering text on arches, cables, or shells leads to the
immediate but erroneous conclusion that one can only
attempt to design such devices by employing forms of
mathematics that are beyond the reach of most students of
architecture. The published writingsof the master designers
themselves offer few clues concerning the origins of their
graceful worksand tend to perpetuatea myth that only afew
select people of great genius are capable of creating such
elegant forms. As aresult, attempts by students to design
structures other than rectilinear frames tend to be hesitant,
clumsy, and poorly informed.

Thereisaway of demystifyingthe great structures, giving
students both a vastly increased understanding of how they
weredesigned and aconfident ability to design structuresthat
are similar in principle and equally rational in concept. It
involvesthe use of simple, astonishingly powerful graphical
technigquesthat were used by the master designersthemselves
to create many of their most admired structures. These
techniques are referred to collectively as graphic statics.

Graphic statics were perfected in the middle of the 19th
century and werewidely used by architectsand engineersuntil
well into our own century.' In recent decadesthey have been
largely abandoned in favor of numerica techniques, but
vestiges remain in the familiar guises of shear and moment
diagrams and the graphical analysis of the forcesin trusses.

Thegraphical analysisof atrussiseasily understood, and
isshown sequentially for atypical trussin Fig. 1. Working
with drafting instruments, wefirst draw afree-body diagram

of theentiretrussaccurately to scale; thisiscalled the space
diagram (Fig. la). A labeling system known as Bow's
notationisused to keep track of membersand forces— letters
are applied to the spaces between the external loads, and
numbers to the spaces bounded by members of the truss.
Next, alongsidethe spacediagram, we plot theexternal loads
sequentially on aload line to any convenient scale of length
to force, labeling the ends of the line segments with lower-
case lettersthat correspond to the capital letters that lie on
either side of the corresponding force on the space diagram
(Fig. Ib). Then pairs of intersecting lines are drawn off
appropriate points on the load line, accurately paralel to
pairsof intersecting truss members on the space diagram, to
create linked equilibrium polygons whose sidesare scaled to
find the magnitudes of the forces in the truss members
without doing any numerical computations (Fig. Ic-g). A
clockwise convention is applied to this diagram, using
Bow's notation, to determine whether each member of the
trussisin tension or compression. The completed diagram
of equilibrium polygons is traditionally called either a
Maxwell diagramor aCremonaplan; inthis paper itiscalled
aMaxwell-Cremonadiagram. Because the analysisin Fig.
1 includes only gravity loads, the load line is vertical.
Inclined loads such as wind loads on a sloping roof surface
may be analyzed in similar fashion. In such acase, the load
line will include inclined segments. A valuable feature of
graphical truss analysisis that it is self-checking: If the last
line segment on the Maxwell-Cremona diagram does not
meet the appropriate points accurately, an error has been
made.?

This graphical process gives us away of examining and
understanding trussed structuresthat isoften more revealing
and convenient than numerical methods. In Fig. 2, weuseit
to discover Eiffel's assumptions about wind load distribu-
tionsfor his300 meter tower in Paris. Wedo thisby treating
the entire tower in simplified fashion as afunicular cantile-
vered truss of four panels that is subjected to concentrated
horizontal |oads of unknown magnitudesat the panel points.
The load line, accordingly, is horizontal, and we assign to it
anarbitrary length that represents 100% of thewind force on
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thetower. The panelsin Eiffel's design lack diagonals. To
carry out a standard graphical anaysis, we must insert
fictitious diagonals and assign them forces of zero. This
having been done, the analysis proceeds smoothly, yielding
the proportiona magnitudesof the wind forces at the panel

points as well as the member forces that these induce.
Although Eiffel assumed unit wind pressuresto be higher at
the top of the tower than at the bottom, the vastly greater
exposed areaof the lower portions of the tower accounts for
the much larger total forcesthat act there. TheEiffel Tower
is a particularly apt choice for this type of examination,
becauseit was designed using graphical methodsby Eiffel's
assistant, Maurice Koechlin.?
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Fig. 3 shows agraphical analysisof theforces created by
auniform distribution of gravity loadsin Robert Maillart's
trussesfor theMagazzini Generaliroofin Chiasso. Aswedid
with the Eiffel Tower, we must insert fictitious diagonalsin
the rectangular panels and assign them zero force. The
M axwell-Cremonadiagramshowstheingenuity of Maillart’s
seemingly inexplicable trussform with startling clarity: The
forces in the sloping upper chords are constant throughout,
thus simplifying the construction of the roof and eliminating
the need for diagonal members. The question may be asked,
how did Maillart synthesize atrussformthat hastheseunique
properties? Itiseasy todemonstrate how he might havedone
so by constructing the Maxwell-Cremonadiagram first and
using it to determine the construction of the space diagram,
drawing it in such a way that the upper chord segments all
have equal force while the diagonals have none. Thefan of
line segmentsthat converge on point j then give the inclina-
tionsand locationsof thelower chord members, allowingthe
space diagram to be completed.*

Closely related to the graphical method for analyzing
trusses is a simple graphical construction for plotting the
curve of a hanging cable and measuring its internal forces.
Thisopens vast new horizons to students, for by thismeans,
without using numerical mathematics, they can easily find
formand forcesfor hanging structuresand arched structures,
either those of master designers or onesof their own design.
Fig. 4 isan analysis of the effect of a uniformly distributed

load on the hanging roof at Dulles Airport that was designed
by Eero Saarinen with structural engineering by Ammann
and Whitney. Working from a published cross section, the
roof is divided into convenient segments, loads are esti-
mated, a load line is drawn, and the force diagram is
constructed with line segments parallel to each of the seg-
mentsof theroof. Theforceinany segment of the cablemay
be scaled from this diagram and an appropriate diameter of
cable selected from a catal og.

If we invert the form of a hanging cable with a given
distributionof loads, we have an ideal shapefor an arch that
supportsthe same loading. Thuswe may useasimilar type
of diagramto analyze Pier Luigi Nervi’s arched roof for the
Turin Exhibition Hall (Fig. 5). The plotted funicular curve
for auniform gravity loading isa perfect fit to the centerline
of Nervi’s vault. Having taken cross-sectional areameasure-
mentsfromadetail of thevault construction, an approxi mate
maximum stress in the concrete of the vault (about 280 psi)
iseasily calculated. A useful extension of thisexerciseisto
ask students to plot funicular curves for unbalanced snow
loadingsand wind loadingson thisroof, and to discuss these
in relation to the corrugated form that Nervi gave to its
longitudinal section.

Fig. 6 shows an analysis of balanced and unbalanced
loadings as applied to Robert Maillart's much-admired
Salginatobel Bridge. Therighthand forcediagramisused to
find theline of pressurein the bridge for dead load only, and
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is based on careful estimates of component weights from
dimensions given on Maillart's own drawings. Thelefthand
diagram serves to plot lines of pressure for unbalanced
loadings of dead load plus live load on either half of the
bridge. Thelocationsof the polesfor the diagrams, pointso,
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are manipulated in such away that all three lines of pressure
pass through the three hinges of the arch.®> For clarity, the
lines of pressure are drawn twice on this diagram, once in
isolation below the elevation of the bridge, and again super-
imposed upon it. The two slender boomerang shapes thus
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visualized make it easy to understand the logic of the well-
known profile of the bridge, especiallyif one takesthetime
to examine the cross-sections of the box arch and find the
limitsof their kernsin relationto the locationsof the linesof
pressure. Drawings viewed by the author in the Maillart
Archiveat the ETH in Zurichshow that Maillart designedthe

bridge by the same graphical methods used in thisanalysis.

Graphical truss analysiscan be applied directly to certain
types of structures that are not usually thought of as being
trusses, such as the cable-stayed roof of the Patscenter
buildingin Princeton, New Jersey, by Richard Rogers and
OveArup. ThesimpleinvestigationshowninFig. 7 explains
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the action of the structure in a way that students can
understand and, given some assumptionsabout loadings, it
guantifiestheforcesinall themembersof theroof, including
theaxial compressionsintroducedinto the roofbeams by the
inclined stays. It disclosesthat two of the tensile members
carry no force under auniform roof loading, and two others
carry only minimal tension, but that all four would play
crucia roles in resisting unbalanced snow or wind loads.
This discovery can lead to a useful discussion of various
waysto deal with nonuniformloadingsin cable-stayed roofs.
An analysis such as this opens to students the possibility of
designingcabl e-stayedstructuresfor their own studioproj ects.
L earning the member forcesin their designsthrough simple
graphical analysis, they can easily size the tension rods,
cables, and columns, then proceed to development of the
connection details.

A single Maxwell-Cremonadiagrammakesit possibleto
summarize all the primary featuresof the structural perfor-
mance of Santiago Calatrava's spectacular Alamillo Bridge
(Fig, 8). We represent theloads of the deck sections by the
incrementsthat make up segment an of theload line. Given
the pylon's published inclination of 59 degrees, its required
weight, represented by segment oa of the load line, is
developed as a function of the deck load in the course of
constructing this diagram without doing any numerical
calculations. Theforcesin the cablesand in each segment
of the deck and pylon may also be scaled from thisdiagram.
Using this diagram, it is interesting to speculate as to what
load Calatrava assumed for the deck asa basisfor determin-
ing the weight of the pylon—was it the dead |oad only, dead
load plus full liveload, or something between, counting on
thestiffnessof thepylon to balanceother |oadingconditions?
Students can be asked to experiment with the consequences
of changing the inclination of the pylon, increasing its
height, or supporting the deck from towersat both ends, all
by making simple modificationsto this diagram.

A couple of generationsago, a student of architecturein
England, obviously very facilewithgraphicstatics, did ashis
thesis project a thorough graphical analysis of the structure
of agothic cathedral.®* Using the same techniques that we
have applied here to modern structures, he examined not
only thecurvesof thearchesand vaultsand thelinesof thrust
intheflying buttresses, but even such detail sasthewind load
bending stresses in the dender limestone window mullions.
In the course of hiswork he unlocked many a secret of the
medieval master builder. He discovered the crucia struc-
tural roleof the heavy stone bossat the crown of each pointed
vault, and of the hidden masonry fill at itsspringing. Hisis

a particularly rich example of how simple graphical explo-
rationscan help us and our students to unlock the secrets of
many famous structuresand their designers.

As a byproduct of even greater value, these graphical
methodscan furnish studentswith powerful synthetical tools
for designing their own longspan structures, for they are
suited perfectly to studio work. The author has provided
students with these techniquesin both classroom and design
studiofor nearly twenty years. Samplesof student work were
shown during the presentationof this paper, but space istoo
limited in this publication to include these projects.

Students find graphical techniques for structural design
fascinating and easy to learn. Starting from scratch, it takes
no more than an hour of class time and one homework
exercise for students to learn the graphical analysis of
trusses. Another classperiod sufficestoextend thetechnique
to suspended and arched structures, after which students
have & their command the fundamental means by which the
many of the great structuresof the last 150 years were given
form. Other teachersmay find graphical methodsuseful both
as design toolsfor student use, and, asillustrated here, asa
means for analyzing and understanding famous structures.'

NOTES

For abrief history of graphic statics, see HansStraub, A History
of Civil Engineering, Cambridge MA, MIT Press, 1964, pp.
197-202.

For amore extended description of graphical methodsfor truss
analysis, see James Ambrose, Design of Building Trusses, New
Y ork, John Wiley & Sons, Inc., 1994, pp. 331-377. These pages
largely duplicate verbatim the excellent treatment of the sub-
ject by the late Harry Parker.

Koechlin's use of graphic statics in the design of the Eiffel
Tower isdocumented in a book, La Tour de Trois Cent Metres,
that was published by the Eiffel office through Imprimerie
Mercier in 1900.

For a more detailed and extended presentation of graphical
derivations of idea truss forms, see Edward Allen, " Finding
Efficient Formsfor Trusses," in Ambrose, op. cit., pp. 378-395.
A funicular curve for any set of loads may be constructed
through any three points by utilizing a graphical construction
shown in Paul Andersen and Gene M. Nordby, Introduction to
Structural Mechanics, The Ronald Press Co., New Y ork, 1960,
pp. 61, 62. Another source of this method isWilliam S. Wolfe,
Graphical Analysis, New Y ork, McGraw-Hill, 1921, pp. 37-39.
Gerhard Rosenberg, “The Functional Aspect of the Gothic
Style,"" Journal of the Royal Institute of British Architects, 18
January 1936, pp. 273-290.

The best general references on graphic statics are Wolfe,
Andersen and Nordby, and Ambrose/Parker/Allen, refs. 2 and
5 above.
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